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INTEGRATION THEORY ON
INFINITE-DIMENSIONAL MANIFOLDS
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Abstract. The purpose of this paper is to develop a natural integration theory over
a suitable kind of infinite-dimensional manifold. The type of manifold we study is a
curved analogue of an abstract Wiener space.

Let H be a real separable Hilbert space, B the completion of H with respect to a
measurable norm and i the inclusion map from H into B. The triple (i, H, B) is an
abstract Wiener space. B carries a family of Wiener measures.

We will define a Riemann-Wiener manifold to be a triple (¥, =, g) satisfying
specific conditions. #” is a C’-differentiable manifold (j=3) modelled on B and, for
each x in #, 7(x) is a norm on the tangent space T,(#") of #  at x while g(x) is a
densely defined inner product on T,.(#).

We show that each tangent space is an abstract Wiener space and there exists a
spray on #” associated with g. For each point x in #” the exponential map, defined by
this spray, is a C’~2-homeomorphism from a 7(x)-neighborhood of the origin in
T.(#") onto a neighborhood of x in #. We thereby induce from Wiener measures of
T.(#") a family of Borel measures ¢,(x, -), >0, in a neighborhood of x. We prove
that ¢,(x, -) and ¢,(y, +), as measures in their common domain, are equivalent if and
only if t=s and d,(x, y) is finite. Otherwise they are mutually singular. Here d, is the
almost-metric (in the sense that two points may have infinite distance) on #~ deter-
mined by g. In order to do this we first prove an infinite-dimensional analogue of the
Jacobi theorem on transformation of Wiener integrals.

0. Introduction. The notion of an abstract Wiener space, first introduced by
Gross [8], generalizes that of the classical Wiener space. Wiener [16] put a measure
in the Banach space C consisting of the real-valued continuous functions on [0, 1]
which vanish at O with the sup norm. The subset C’ consisting of the absolutely
continuous functions in C with square integrable derivative forms a Hilbert space
with the inner product <x, y>=| o x'(t)y'(t) dt. Let i be the inclusion map from C’
into C; then the triple (i, C’, C) is known as the classical Wiener space.
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Let L be a locally convex real linear space and L* its topological dual space. Let
(, ) denote the natural pairing of L* and L. A tame set (also known as a cylinder
set) in L is a set D of the form

D ={xeL;((ys X), (Y2, X)s .+ s (Yns X)) € E}

where y1, s, . . ., ¥, are in L* and E is a Borel set in R If K is any finite-dimen-
sional subspace of L* containing yy, ys, . .., ¥a, then D is said to be based on K.
Let Z be the collection of all tame sets in L and % the family of sets in #Z which are
based on K. It is easy to see that £ is a ring and % is a o-ring. A real-valued non-
negative finitely-additive function v on Z is called a cylinder set measure on L if
v(L)=1 and v is countably additive on each of the o-rings %%.

A weak distribution over L is an equivalence class of linear maps F from L* to
the space of random variables over a probability space (2, m) (depending on F).
Two such maps F, and F, are equivalent if for any finite set y,, ..., y, in L* the
joint distribution of F{(y,), ..., F,(y,) in R"is the same for j=1 or 2. This definition
is due to I. E. Segal [14]. It is easy to see that the two concepts—cylinder set measure
and weak distribution—are equivalent.

The weak distribution which will be of interest to us is the canonical normal
distribution n, on a real separable Hilbert space H with (variance) parameter t>0
defined as follows. If F, is a representative of n, then for each element y in H*
(which is identified with H) Fy(y) is normally distributed with mean 0 and
variance ¢|y|2. Henceforth H will denote a real separable Hilbert space with its
norm |-| and inner product { , >. It follows that F; takes orthogonal vectors into
stochastically independent random variables. The cylinder set measure u, associated
with n, is called Gaussian measure on H. A tame set D in H can be written as
D=P-Y(E), where P is a finite-dimensional orthogonal projection on H and E is
a Borel set in PH. Then y, can be characterized by

u(D) = (2mt)-412 f o~ X172 gy
E

where k is the dimension of PH and dx is Lebesgue measure in PH. p, is not
countably additive on Z unless H is finite dimensional.

We denote by & the directed set of all finite-dimensional projections on H
directed by inclusion of the ranges. A tame function on H is a function of the form
f=@o P, where Pe % and ¢ is a Baire function on PH. Each tame function fis
associated with a random variable fin the following way. Let F, be a fixed repre-
sentative of n,. Let y,,..., ¥, be an orthonormal basis for PH then define f=
o(F(31), - - ., F(yx)). f depends only on fand F,, and is independent of the expres-
sion of fin terms of g and y,, ..., y;.

A measurable norm on H is a norm |x| on H with the property that for every
&> 0 there exists Py € # such that '

Prob, (|Px|~ > &) < ¢ whenever Pe & and P | P,.
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Here Prob, refers to the probability of the indicated event with respect to the
probability measure associated with n,.

From now on |-|| denotes a fixed measurable norm on H. The definition of
measurable norm implies that there exists a constant 8 such that ||x|| £ B|x| for all
x in H. Denote by B the completion of H with respect to |- ||. B is a real separable
Banach space and any real separable Banach space can be obtained (up to a
linear isometry) from a Hilbert space in this manner [8]. Let i/ be the in-
clusion map from H into B and j the embedding (by restriction) of B* into H*.
Henceforth we will make the following identifications H*=H and B*=jB*.
Therefore we have the situation B¥< H< B. Since B* separates points of H, B* is
dense in H. Note that |x|| £B|x| for all xe H implies that |x| £B| x|z for all
x € B*. The triple (i, H, B) is called an abstract Wiener space. This definition is due
to L. Gross [8].

Let ( , ) denote the natural pairing of B* and B. It is a consequence of the
above identifications that {x, y>=(x, y) whenever x is in B* and y in H. Moreover,
the elements of B* are precisely those elements x of H having the property that
there exists a constant « (depending on x) such that |<{x, y>|<«|y| forall ye H.

¢ induces a cylinder set measure p; in B as follows: If y,,. .., y, are in B* and
E is a Borel set in R* define

plix € B; (1, X), ..., Vi, X)) € E}) = p(§h € H; Ky1, B, . . ., Y, B)) € E}).

It is proved in [8] that p, is countably additive on the ring of tame sets of B. There-
fore p; has a unique countably additive extension p, to the o-ring generated by all
tame sets in B. By the separability of B and a simple application of the Hahn-
Banach theorem it can be easily shown that this o-ring is exactly the Borel field of
B. p, is called Wiener measure on B with variance parameter ¢.

It is also proved in [8] that the identity map on B* regarded as a densely defined
map of H into random variables over the probability space (B, p,) extends uniquely
to a representative of the normal distribution #,.

We will use the following notations. f, denotes the Fréchet derivative of f at x.
#(X, Y) denotes the normed linear space of bounded operators from X into Y
with operator norm. #,(H, H) and %,(H, H) denote the Banach spaces of trace
class operators and Hilbert-Schmidt operators of H respectively. ||-||; and |- |
denote the trace class norm and Hilbert-Schmidt norm respectively.

We need the following propositions later on. The proofs are easy and hence
omitted.

ProPoOSITION 0.1. If |- || is p,-square integrable, then every continuous operator
Jfrom B into B* is a trace class operator when it is restricted to H. In fact |A|g|:
=[5 |x]1? dps(x)| 4| 5,5 for all A € B(B, B*).
PROPOSITION 0.2. Let X be a real Banach space and A a continuous operator from
X into B with image contained in H (in B*). Then A is a continuous operator from X
into H (into B*).
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ProOPOSITION 0.3. Let U be a convex open set in B. Suppose K is a Fréchet differen-
tiable transformation from U into B with image in H. Moreover K.(B)< B* for all x
in U and the transformation x — K, from U into %(B, B*) is continuous. Let x, be
a fixed point in U. Then Kx— Kx, € B* for all x € U and the function

x — (Kx— Kx,, x)

is continuous from U into R.

In §I we will define a class of (nonlinear) transformations and prove the Jacobi
theorem on transformation of Wiener integrals under such transformations. In §II
we will define Riemann-Wiener manifold and construct a spray on it. Then we
study the exponential map associated with this spray. In §III we use the exponential
map to define local measures g(x, -) for each point x on this manifold and study
their properties.

Our eventual objective is to construct a Brownian motion on a Riemann-Wiener
manifold. The techniques we have developed in this paper will, we believe, be
essential tools for this purpose. Moreover, the measures g,(x, -) are local first order
approximations to the transition probabilities of the Brownian motion. However
we shall not study the Brownian motion in this paper.

This work is closely related to results announced by Daleckii and Snaiderman
[4]. They prove absolute continuity of certain measures on infinite-dimensional
manifolds. Their manifolds are closely related to ours. However they study only
manifolds modelled on Hilbert space and use a different exponential map from the
one we use. The measures whose absolute continuity they study are different from
ours.

I. The Jacobi theorem on transformation of Wiener integrals.

(a) Statement of the first main result Theorem 1.4. Suppose (i, H, B) is an
abstract Wiener space with the H-norm denoted by |-| and the B-norm by |- ||.
Assume that the function |- || is of class C*! off the origin. Also we use 8 to denote
a constant such that |x| £8|x| for all xe H.

DEerINITION 1.1. A transformation T from one open subset U of B to another
open subset ¥ of B is said to be admissible if it is a homeomorphism from U onto
V of class C?! and satisfies the following conditions:

(ad-1) Tx—x € H, T,.: B— B is nonsingular with (T, —I)(B)< B* and

(T.—D|pc%,(H,H) forallxeU.
(ad-2) The mapping x — T,—1I is continuous from U (with the B-topology)
into #(B, B*) (with the uniform topology).

(ad-3) The mapping x — (T,—I)|y is continuous from U (with the B-topology)
into %,(H, H) (with the trace class norm topology).

PROPOSITION 1.2. The inverse of an admissible transformation is also admissible.
The composition of two admissible transformations is also admissible.
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Proof. Since the proof is straightforward, we omit it. Q.E.D.

PROPOSITION 1.3. Suppose ||| is p,-square integrable. Let T be a homeomorphism
from an open subset U of B onto another open subset V of B of class C*. For all
xe U, Tx—xe€ H and T, is nonsingular from B into itself with (T,—I)(B)< B*.
Furthermore the map x — T, —1 is continuous from U into #(B, B*). Then T is
admissible.

Proof. Obvious by noting Proposition 0.1. Q.E.D.

THeOREM 1.4. If T is an admissible transformation from an open subset U of B
onto another open subset V of B, then p, o T and p,, as measures on U, are equivalent.
Moreover the Radon-Nikodym derivative of p, o T with respect to p, is given by

dp;o T
dp,

where g(x)=exp {[—2(Tx—x, x)—|Tx—x|?]/2t} det |T,| and ( , ) is the natural
pairing of B* and B.

(X) = gt(x)9 X € Ua

REMARK (i). g; is defined almost everywhere on U with respect to p, for any
s>0, in particular w.r.t. p,. Furthermore it is Wiener measurable and positive a.e.
This can be seen as follows. Let x, € U then there exists a positive real number r
such that b(xo, |- ||, r)={x € B; |x—x,| <r}<U. For x € b(x,, | - |, r) we have

g(x) = exp [(Kxo, X)t ~*] exp {[—2(Kx — Kx,, x) — | Kx|?]/2t} det |T,|

where Kx=Tx— x. The assertion follows from Proposition 0.3.

REMARK (ii). The conclusion of Theorem 1.4 is equivalent to the following. For
any Wiener measurable functional F on ¥ which makes either side of (1.1) exist,
then the other side also exists and they are equal:

(1.1 [P0y ) = | Fo Tegi00) dpico

(b) The integral formula for globally defined transformations. In the following we
will make no difference between K, and K|, whenever there is no confusion. For
examples | K,||; means the trace class norm of K, |y and | K,|x,x means the norm
of K, as a mapping from H into H.

THEOREM 1.5. Let T=1+K be a transformation of class C* from B into itself
satisfying the following conditions:

(1) K(B)<H and K.(B)< B*, K, € %,(H, H) for all x € B.

(2) The mapping x — K, is continuous from B (with the B-topology) into #(B, B*)
(with the uniform topology), also from B into #,(H, H) (with the trace class norm
topology).

(3) There exist constants 0< M <0, 0= c<1 such that for all x € B, | K|, =M,
"K(x)'"K(O)"B‘ =M, " Kx“H,H <cand "Kx"B,B =c
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Then for any integrable functional F on B, we have

(1.2) [ F») dpi») = [ Fo T dpi)

and p{g,>0}=1, where g(x)=exp {[—2(Kx, x)— | Kx|2]/2t} det |T,|.

Proof. Step (i). It is sufficient to prove (1.2) for bounded continuous functions
with bounded support. Let F be such a function; we may assume that the support
of F is contained in the ball 5(K(0), R, |- |).

Let #*={Pe ¥ ; P(H)< B*}. Each Pe #* can be extended to a continuous
projection Q of B in the following way: Suppose P(x)={x, e;ye;+ - - - +<{x, e,>e,,
xeH, e, -e, e B* then define

0(x) = (x, ee;+ - - - +(x,e,)e,, x€B.

For the rest of the proof, P and Q are related in the above way. By Corollary 5.5
of [7], Corollary 3 of [8] and elementary measure theory, we have

13 [Foranoy = tim [ F)du)

P—] through &#*

We may take {P} to be a sequence converging to I strongly through &#*. Let
Tp=I+PKP, then T} is a differentiable homeomorphism from PH onto itself, and
the Jacobian theorem for finite-dimensional space gives

[ FoYam) = [ FoTuele0r) du)
(1.4)
= [ FoTu(Po(ede) dui®)

where (g,)p(x)=exp {[—2(PKPx, x)— | PKPx|?)/2t} det |+ PKp,P|. But Gp(x)=
F o Tp(Px)(g)p(x) is a tame function based on PH, hence

(1.5 fm Go(x) d(x) = f G (x) dp ().

Define a function J,: B— R by

Jo(x) = Fo(I+PKP)

(1.6) o Q(x) exp {[—2(PKQx, x)— | PKQx|?]/2t} det |I+PKqy.P|,

then, obviously, J, is a continuous functional on B and its restriction on H is G»
since Ox=Px for all x in H by the definition of Q. Therefore G5 =J, almost
everywhere by Corollary 3 of [8]. It follows that

7 f G5 (%) dp(x) = f Jo(%) dp ().
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Combining (1.3)—~(1.7), we have

(1.8) j FO) o) =, | lim [ Jox) dpio).

P—] through #*

Step (ii). We prove that there exists a subsequence P such that Fo (I+PKP)o Q
converges almost everywhere to Fo T as P — I through F*.

First we note that the inclusion maps i: H — B and j: B¥ — H are compact.
Therefore bounded subsets in B* are precompact in H. So the set

{x e B*; |x|s = M}

is precompact in H.

Let S be any compact subset of H, then (/—P)x — 0 as P — I through &#*
uniformly in S. But K(B)<K(0)+{x € B*; |x|s <M} by assumption, whence
(I-P)KQ(x) 25 0 uniformly for x € B as P — I through #*, where ¥, means in
the H-topology. H-topology is stronger than the B-topology, so (/—P)KQ(x) 25 0
uniformly for xe B as P— I through &*. F is a continuous functional in B,
therefore

lim  Fo(I+PKP)oQ = lim Fo(I+K)oQ

P—I through #* P—I through #*
everywhere in B. On the other hand since Fo (I+K) is continuous in B, there
exists a subsequence of P, still denoted by P, such that Fo (I+K) o Q@ — Fo (I+K)
=FoT ae. in B as P— I through &*. Therefore Fo (I+PKP)o Q—>F-T a.e.
in B.

Step (iii). Let m(x)=A(K,)=det |I+ K|, then the condition (2) and Lemma 4.1
of [9] imply that = is a continuous function on B. Furthermore the condition (3)
implies that K, € % (the notation used in [9]) for all x € B.

By Lemma 4.1 of [9] there exist two positive finite numbers a, b (which depend
only on M and ¢ such that a <m(x) <b. Let mp(x) =det | I+ PK,xP|. We know that
m o Q — m in probability, so there exists a subsequence, still denoted by P, such
that = o« Q — = almost everywhere. Therefore, using Corollary 3.2 of [7], it follows
that 7, — 7 a.e.

Step (iv). Let op(x)=F o (I4+PKP) - Q(x) exp {—(KQx, Ox)/t}. By writing
exp {—(Kx, x)/t} as exp {—(Kx— K(0), x)/t} exp {—(K(0), x)/t} and use a sub-
sequence of P if necessary, it is easy to check that exp {—(KQx, Qx)/t} converges
to exp {—(Kx, x)/t} in probability as P — I through &#*. From this fact and Step
(ii) it follows that there exists a subsequence, still denoted by P for convenience,
such that

op(-) = (Fo T)(-) exp {—(K(-), (-))/1}

in probability as P — I through F*.
We choose a subsequence for which 7, — 7 a.e. as in Step (iii). For this sub-
sequence we have op — o in probability, where o(x)=F o T(x) exp {—(Kx, x)/t};
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then there exists a subsubsequence for which o, — o almost everywhere. Thus for
this subsubsequence 6p-7p — o7 a.e.

Now, let oy(x)=exp {—|Kx|?/2t}, then 0,0 Q — o, in probability as P— I
through Z*. But

Jo(x) = op(x) x exp {— | PKQx|?[2t}mp(x), x€B.

Hence combine the previous paragraph discussion there exists a subsubsequence,
still denoted by P, such that

(1.9 Jo—J almost everywhere

where J(x)=F o T(x) exp {[—2(Kx, x)— | Kx|?]/2t} det | I+ K,|.
Step (v). Let us consider Jy in (1.6). Put Qx=y and

(1.10) (I+PKP)y = z.

Because the support of F is contained in b(K(0), R, | -|), therefore to estimate Jg,
it suffices to consider those y for which ||z— K(0)| < R. From (1.10), y=z—PKPy
=z—PKy=(z— K(0))+ (K(0)— Ky)+(Ky— PKy). But |z— K(0)| = R. Also

1
Ky—KO = [ Ky,
V]
therefore

1Ky =KOI = [ IKuloslyl di 5 clyl.

Moreover |Ky—PKy|=|I—P)Ky| =B|(I-P)Ky|; from the proof in Step (ii),
there exists P, such that P>z P, = |(I—P)Ky|<1/B for all y € B. Hence we have

Iyl = 12— KO +[K©O)—-Ky| + |Ky—PKy| = R+c|y]+1

or |y||£(1+ R)/(1—c). Therefore we have whenever P2 P, | Qx| <(1+R)/(1—¢)
for all x € B. It follows that whenever P= P,

[Jo()| £ b||F| » exp {Mt~*(1+ R)/(1—c)} exp {|(QK(0), x)¢ ~*|} for all x€ B.

Note that exp {|(QK(0), x)¢ ~*|} is an integrable function because QK(0) € H.
Moreover exp {|(QK(0), x)t ~*|} converges in the mean to exp {|(K(0), x)t ~*|} as
P — I. Applying Lebesgue dominated convergence theorem, we have from (1.9)

(1.11) fim fB Jo(x) dpi(x) = fB J(x) dpi(x).

P—1 through #*

Finally from (1.8) and (1.11)

[ F»)dpi») = [ Fo 100 dpio)
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The last assertion p{g,>0}=1 follows from the fact that it is the product of two
factors, one of which is the exponential function which is positive a.e., the other
one is the determinant function which is bounded and bounded away from zero as
shown in Step (ii).

The proof has now been completed. Q.E.D.

(c) The integral formula for transformations defined in a sphere. Let 6 be a
monotonic C*-function from [0, co] into [0, 1] such that

0x) =1 when0 = x =1,
=0 whenx = 2.

LeEMMA L1.6. Let S={x € B; |x—x,| <r}=b(x,, r, ||- |) and let K be a transforma-
tion from S into B of class C* with the following properties:

(0) K(x0)=0, K,,=0.

(1) K(S)<H and K.(B)<B*, K, € #,(H, H) for all x€ S.

(2) The mapping x — K, from S (with the B topology) into #(B, B*) (with the
uniform topology) is continuous, and from S (with the B topology) into %#,(H, H)
(with the trace class norm topology).

(3) There exists a constant M <o such that |K,|,<M for all x€ S.

Let K, (x)=0(A|x—x,||)K(x), A>(4/r)2. K, is globally defined if we let K=0 on
S¢ (the complement of S in B).

Then given any 8, 0< 8 <1, there exists Ay>0 such that whenever A> },, we have
the following

(a) K, satisfies all the properties of K with B replacing S,

(b) "(KA)x"H,Hg 8> "(KA)x"B,Bé 8for all x e B, and

©) |Knx||g=1 for all x € B.

Proof. Straightforward verification. Q.E.D.

THEOREM 1.7. Let S=b(xo, 1, |- |[)= B and let K be a transformation from S into
B of class C* with the properties (0), (1), (2) and (3) of Lemma 1.6. Let T=1+K.
Then there exists 0<ro<r such that p, o T and p,, as measures on b(x,, ro, | - |), are
equivalent with

=<
2

dp,o T
P () =g, xeblroro |-
/2

Proof. Define K, as in Lemma 1.6 and choose A, so that the conclusions of
Lemma 1.6 hold. Thus whenever A> A, K, satisfies the hypothesis of Theorem I.5.
Put ro=(2X) " ¥2 and apply Theorem 1.5 to complete the proof. Q.E.D.

LemMMA 1.8. Let K be a continuous operator from B into itself with image in B*
such that K € #,(H, H) and I+ K is nonsingular from B into itself. Let h € H. Then
for any integrable functional F on B, we have

L F(y) dp(y) = exp (—|h|?/2t) det |I+ K| J; F(h+ x+ Kx)
-exp {[—2(Kx, x)—2(h, x)— | Kx|2—(Kx, h)— (x, Kh)]/2t} dp(x).
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Proof. Apply Theorem 3 of [15] by taking the representative of n, given in
Corollary 1 of [8].

THEOREM 1.9. The conclusion of Theorem 1.7 remains valid if the hypotheses are
the same except that K(x,)=0 and K, =0 are replaced by

I+ K.,: B— B is nonsingular.

Proof. Define T,: B— B by T,=L, T, where L(y)=a+y and a=K(x,)
— K, (x0). Define T =T5 ' o T, then T=T, o T. It is easy to check that T satisfies
the hypotheses of Theorem 1.7 and T, satisfies that of Lemma 1.8. The conclusion
then follows immediately. Q.E.D.

(d) Proof of Theorem I.4. By (ad-3) for each point x, € U there exist a neighbor-
hood S(xo)=b(xo, r(xo), |- )= U of x, and a constant C(x,) such that |T,—I|;
=< C(x,) for all x € S(xy).

Let K=T—1 Then K satisfies all the hypotheses of Theorem 1.9 when it is
restricted to each sphere S(x,). Therefore by Theorem 1.9 for each point x, € U
there exists So(xo)<S(x,) such that the transformation formula is true on any
measurable subset of Sy(x,).

Clearly U=|Jx,ev So(xo). But B is separable, so there exist countable points
Xy, Xg, ... in U such that U=J>-; So(x,). Let I'y=So(xy), 'y =So(x,) —UEzi T,
n22. Then U=JZ-, I, is a disjoint union of Wiener measurable subsets of U.
On the other hand, T is by assumption a homeomorphism from U onto V, therefore
V=g-1 TT} is also a disjoint union of Wiener measurable subsets.

Now if Fis an integrable functional on V, then it is also integrable on each 7T,
hence

[ Fo)dnim i [ Foyanon = i [ FoTe00 oo

f Fo T(g(x) dpi).

If Fis a Wiener measurable functional on V such that [, Fo T(x)g(x) dpi(x)
exists, then each [, F o T(x)g(x)dp(x), and hence each [, F(y)dp(y), and
hence j'v F(y) dp(y) exists and the conclusion of the theorem follows from the
previous paragraph. Q.E.D.

(¢) Relations with other works. Our Theorem 1.4 is a generalization of Theorem 4
of [9]. This is shown by the following

THEOREM 1.10. If we have the assumption of Theorem 4 of [9], then there exists a
Hilbert space B with norm | - || such that (i, H, B) is an abstract Wiener space and K
extends to B such that T=1+ K is an admissible transformation from B onto itself.

It is well known that C (=the Banach space consisting of the real-valued con-
tinuous functions on [0, 1] which vanish at 0) has no | - | «-equivalent norm which
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is C!. Thus our Theorem 1.4 can not be applied to the space C. However the
following theorem is a partial generalization of the Theorem V of [3].

THEOREM 1.11. Suppose (i, H, B) is an abstract Wiener space and B has a weaker
norm ||- ||| such that ||x|| is of class C* off the origin in B. Let B, denote the normed
linear space (B, || ||). Suppose U is a ||-||-open subset of B and T is a Fréchet
differentiable transformation from U (regarded as | -|-open subset of B) into B
satisfying the following conditions:

(1) Tx—xeH, T,: B— Bnonsingular withT,,— I € #(By, B*)and T, — 1 #,(H, H)
forall xe U.

(2) The map x — T,.—1I is continuous from U (with the ||-||-topology) into
B(Bo, B*) (with the uniform operator norm topology). It is also continuous from U
(with the || - ||-topology) into %,(H, H) (with the trace class norm topology).

Then

%}%—T ™) = g, xeU.

II. Riemann-Wiener manifold. From now on we assume that the B-norm ||- |
has the following properties: (i) The function |- | is of class C* off the origin and
(ii) || - | is py-square integrable over B. H, denotes the normed linear space (H, | - ).

(a) Definitions and properties. Let #~ be a C*-differentiable manifold (k=1)
modelled on B. Suppose (U, ¢) and (¥, ¢) are two charts at x € #. Let (R,).=
e x(H), (Ry)x=43  (H). If @ o =1 is admissible from $(U N V) onto (U N V),
then (R,).=(R,),; the equality here means they have the same point set and the
same Hilbert structure.

Now suppose there exists an open covering {U,, @,}.ea Of #° by charts such
that, for any «,Be A, @, 095t (U, N Up) = @(U, N Up) is admissible. A
chart (U, ¢) in #" is called compatible with respect to {(Uy,, ®u)}eea if, for any o,
eeop ip(UN U,) = e(UN U,) is admissible. For each point x € #” there is a
Hilbertable vector space R, associated with {(U,, ¢.)}«ca- Precisely, let x € Uy for
some B € A, then we define R,=(ps);x(H) and transport the Hilbert structure of
H to R, by (ps)x L. By the above remark R, is completely determined by

{(Uss ®e)}aen-

Let SL%(R,; R) be the totality of continuous symmetric bilinear forms on R, and
let SL2(R; R) be the disjoint union of SL*(R,; R) over all xe#. Let . be the
projection map from SL?(R; R) into #. Then by Proposition 2, p. 36, of [12]
there exists a unique C’~!-structure on SL?(R; R) such that SL*(R; R) isa C’~!
manifold modelled on B x SL?(H; R) and . is a C’~! map from SL%(R; R) into #_

DerINITION II.1. A continuous bilinear form 6 on H is said to be nonsingular
if there exists a continuous bilinear form » on H such that for some orthonormal
basis {e,}°-, of H, we have >7-, 0[x, e,In[y, ex]=<x, y) for all x, ye H.
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Notations. We use [ , ] to denote element of Hx H. o denotes the bilinear
form on H given by [h, k] — <{h, k).

DEerINITION I1.2. A transformation f from an open subset U of B into L?(H; R)
is said to be of type (2, H,) if it satisfies the following conditions:

(i) f(x) is nonsingular and f(x)—o¢ € L%(H,; R) for all x e U.

(ii) f is Fréchet differentiable at every point x of U. f'(x) € LB, H,, Hy; R)
for all x € U and the transformation x — f’(x) from U into LB, H,, H,; R) is
continuous.

(iii) f”is Fréchet differentiable at every point x of U. f"(x) € LX(B, B, H,, H,; R)
for all x € U and the transformation x — f"(x) from U into L*(B, B, H,, H,; R)
is continuous.

ReMARKS. (1) If fis a transformation from U into L2(H; R) of type (2, H,),
then f'(x) extends to L3(B; R) and f"(x) extends to L*(B; R) for all xe U. We
denote the extensions by f'(x)~ and f"(x)~, thus we have maps '~ from U into
L3(B; R)and f"~ from Uinto L*(B; R)defined by /'~ (x)=f"(x)~ and f"~ (x) =1"(x)"~.
f’~ and "~ are continuous by condition (ii) and (iii).

(2) Suppose f(x) is the bounded operator of H corresponding to f(x); then
f(x)—1I€ #,(H, H). This is a consequence of Proposition 0.1 and the condition (i).
Similarly for u, v e B,

f'x)~weZ(H, H) and f"(x)~(u)v) € By(H, H).

DEFINITION I1.3. Let #” be a C/-differentiable manifold (j= 1) modelled on B.
Suppose there exists an open covering {(U,, .)}cea of # by charts such that, for
any o, Be A, g o951 (U, N Up) — p(U, N Up) is admissible. An assignment
7 of a norm to each tangent space is continuous if for each compatible chart (U, ¢)
with respect to {(Us, ®a)}sea the function x — |@x x|z, v, 5 is continuous on U,
where T.(#") has the norm 7(x). By a Wiener-structure for #~ we mean a con-
tinuous assignment = of a norm to each tangent space in such a way that for each
point x of #~ there exists a compatible chart (U, ¢) at x such that

¢ Hpx ul| £ 7(0)W) £ c|px,u| forall ye Uandall ue T (#))

where c is a constant independent of y.

Notation. Suppose S and T are linear operators from X into Y. Sx T denotes
the map [x;, x;] — [Sxy, Tx,] from X x X into Y x Y.

DErINITION 11.4. By a Riemann-Wiener manifold of class C’ (j=3) we mean a
triple (¥, 7, g) satisfying the following axioms.

RW-0. #” is a C’-differentiable manifold modelled on B.

RW-1. There exists an open covering {(U,, ¢.)}cca Of #° by charts such that,
for any o and B in A, @0 @z @ (U, N Up) — @z(U, N Up) is admissible.

RW-2. 7 is a Wiener structure for #. g is a C’~'-map from #" into SL*R; R)
such that (g(x)=x for all x e # and, for each point y in #, (a) g(y) is positive
definite, (b) g(»), as an inner product on R,, determines its Hilbert space structure.
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RW-3. For each point x, € #” there exists a compatible chart (U, ¢) at x, with
respect to {(U,, @4)}eea Such that the transformation

X —>g(@71(x)) o [(@ D, X (97 D]

from @(U) into L%(H; R) is of type (2, H,).
Notation. ¢,(y)=g(y)° [px} xpzil. Then the transformation in RW-3 is
§oop™t

ProPoSITION I1.5. (a) For each x in W, (R, T(#")) is an abstract Wiener space
with inner products { , >,=g(x) and norm (x) for R, and T (#") respectively.

(b) If n(x), is the canonical normal distribution on R,, then n(x), is equivalent to
n o (@5 3)*, where ¢ is given by RW-3.

Proof. (a) Suppose x € U, and (U, ¢) is a compatible chart at x. Define <u, v),
={ s, <l 1,0y for u,v e R, and |y |, =|px. v | for y e T(#").

Then (R,, T,(#")) is an abstract Wiener space under the inner product { , >,
and norm |- ||, for R, and T,(#") respectively. But by RW-2 { , >, is equivalent
to {, >xand ||, is equivalent to 7(x). It is easy to see that 7(x) is a measurable
norm over (R,, < , >,). Therefore (R,, T.(#")) is an abstract Wiener space with
structure g(x) and 7(x) respectively.

(b) Apply Theorem 3 of [15]. Q.E.D.

(b) Examples.

ExAMPLE 1. Any open set in B, with = given by the norm of B and g by the
inner product of H, is a Riemann-Wiener manifold.

EXAMPLE 2. Let (i, H, B) be an abstract Wiener space. Assume that ||-| is a
function of class C’ (j=3) off the origin. Let # ={x € B; |x| =1} be the unit
sphere of B. Let 7 and g be induced by the B-norm and H-inner product respec-
tively. Then (#, 7, g) is a Riemann-Wiener manifold.

(c) Riemannian manifolds associated with Riemann-Wiener manifold.

THEOREM 11.6. For each point x € W, there exists a subset R(x) of W~ containing
x such that

(1) R(x) is a separable topological space and R(x) < W is continuous.

(2) R(x) is a C~-differentiable manifold modelled on H.

(3) T,(R(x))=R, for all y € R(x), and

(4) g is a Riemannian metric on R(x), hence (R(x), g) is a Riemannian manifold.

Proof. Let (U, ) be a compatible chart at x, define R(x) =¢~*((¢p(x) + H) N p(U))
and let R(x) receive the topology from (¢(x)+ H) N ¢(U) with H-topology by the
map ¢. Note that (p(x)+ H) N o(Y)=(p(U)—p(x)) N H+¢(x), therefore (p(x)
+H) N p(U) is an open set in H. Define a global chart ¢ from R(x) into H by
$(¥»)=¢(y)—¢(x). Now the conclusion of this theorem becomes obvious. Q.E.D.

REMARKS. (i) The set R(x) constructed in the proof of the above theorem
depends on the chart (U, ¢). However, if we use another chart (U;, ¢;) then we



70 HUI-HSIUNG KUO [September

have the following relation. Let R,(x) be the corresponding set to (U, ¢;), then
Ri(x) " U=R(x) N U;. In other words, R,(x) N (UN Uy)=R(x)N (UnN Uy).
This means that in the intersection of U and U,;, R(x) and R,(x) are the same
point set.

(ii) We note that R(x) is dense in U with the # -topology if they correspond to
each other in the proof of the theorem.

Examples. (i) Let U be an open subset of B. U is a Riemann-Wiener manifold.
For each point x € U, R(x)=(x+ H) N U. Thus R(x) is the intersection of U with a
coset of H in B. If U= B, then R(x) is exactly the coset of H in B containing x.

(i) Let #~ be the unit sphere of B (Example 2 of §(b)). Let (U, ¢) be a chart at x.
If we take the chart (U, ¢) for the construction of R(x), then

R(x) ={x+heW ;he H} N U.

(d) Construction of a spray on W associated with g. Let x, be a fixed point of #~
and (U, ¢) a fixed chart at x, given by RW-3. From Theorem I1.6, we know that
there exists a Riemannian manifold (R(x,), g) containing x, modelled on the
Hilbert space H. Let V be the Levi-Civita differential of (R(x,), g) given by the
Fundamental Theorem of Riemannian Geometry. In the following discussion we
will drop the index ¢ in ¢,; we denote by £ the linear operator of H corresponding
to &.

Let {e;};2, be a fixed orthonormal basis of H. Let &; denote the vector field on
(R(xo), g) defined by é&,(x)=e(x)=pz%(e;), x € R(x,). For each point x € R(x,)
we define a bilinear map I'(x) from R, x R, into R, by I'(x)(e;(x), ej(x))=(V4)(x).

A simple calculation shows that for all u, v, w e H we have

2£(x)(u, px,xT(X)(@5 kW), 5 X0)) = (€ o @™ ) (@) W)o, 1)
+{(E o ™) (@), w> — (€ o ) (@(X)) W)W, v).

(2.1) defines uniquely a bilinear transformation I'(x): R, X R, — R,.
A curve r on (R(x,), g) is called a geodesic if V,.q,r'(t)=0. Using (2.1) it is easily
checked that r is a geodesic iff

2.2 r’'@)+Tr@)(r'e), r'(t)) = 0.

We will refer to (2.2) as the geodesic differential equation for the Riemannian
manifold (R(x,), g).

Therefore for each point x in R(x,), we have the exponential map at x, exp x,
which is defined in the well-known way. In general exp x is defined only in some
open neighborhood of the origin in R, (in the g(x)-topology); and to extend exp x
to a continuous function from some open neighborhood of the origin in T,(#")
(in the 7(x)-topology) into some open neighborhood of x is by no means easy.
Even in case R(x,) is complete so that exp x is defined on the whole space R,,
the simplest way to extend exp x continuously into T,(#") is to show that it is
continuous in R, with respect to the r(x)-topology. However, this is not obvious.

@2.1)
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Because of the difficulties of the last paragraph, we will use another approach.
Namely, we will construct a spray y on #~ by means of g. Then we use this spray to
define the exponential map. This exponential map will turn out to be of class
Ck(kz1).

We will work locally. Thus let (U, ¢) be a chart given by RW-3. Moreover we
will slur over the distance between x € U and ¢(x) € B; therefore we assume that U
is an open subset of B. The tangent bundle of U is U x B and the double tangent
bundle is (Ux B)x (B x B). A spray on U is given by the principal part x: Ux B
— B x B satisfying x(x, v)=(v, —xo(x, v)) and x(x, sv)=s52x0(x, v), s € R. We will
construct xo: Ux B— B.

For fixed v, w € B consider the function

£, w, )+E@)~ W, -, 0)—E@)7(, 0, W)
on B. By (ii) of Definition II.2 this function is a continuous linear transformation
from B into R. Therefore it defines an element ®(x; v, w) in B¥*, namely,
(23) O(x; 0, w) = £(X)" (@, w, )+EX)~W, -, )= E(X)(:, v, ).
Define a map ®(x): Bx B— B* by
2.9 D(x)(v, w) = O(x; v, w).
It follows that from (2.3) and (2.4) we have

ProposiTION 11.7. ®(x) is a continuous bilinear transformation. In fact

192G 5,5:50 = 3[1°(x)~ || 55:-

Now we define a map ['(x): Bx B— B by
2.5 L), v) = 272(x) "1 ®(x; u, v).

ProposITION I1.8. T'(x)(B x B)< B*. Moreover T'(x)(u, v)=T(x)(u, v) if u,ve H,
i.e. I'(x) extends T(x).

Proof. We know that, for all u, v € B, ®(x; u, v) € B*. By (i) of Definition 11.2
(&x)—D(H)< B* and £(x) is nonsingular, therefore &(x)(B*)=B*. It follows that
&(x)~1(B*¥)=B*, whence I(x)(Bx B)<B*. The second assertion is obvious.

Q.E.D.
Finally we define a map xo,: Ux B— B by

(2.6) Xo(x, 8) = T(x)(v, v)
and let x: Ux B— Bx B be defined by
(27) X(x’ U) = (U, —Xo(x, U))

ProrosiTION I1.9. (1) x is a spray.
Xo(x, V)(u, w) = —271£(x) "HE X)W, €(x) 7 D(x; v, v), -)}
+2714(x) (D D(x; v, v)(U)) + &(x) 1 (x5 v, W),
where D, ® denotes the derivative with respect to the variable x.

@
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() x is of class C'=2 (j=3).
Proof. (1) is clear since

xo(x, sv) = T(x)(sv, sv) = 27 1€(x)~1D(x; sv, sv)
= 271(x) " (s20(x; v, v)) = 52271 E(x) 1 D(x; v, V) = $%xo(X, )

(2) follows by calculation.

(3) follows from (2) and the fact that ¢ is of class C~* (j=3). Q.E.D.

(e) Study of the exponential map. As constructed in the last section, we have a
spray on ¥  which is locally given by x(x, v)=(v, —xo(x, v)), where xo(x, v)=
['(x)(v, v). Let B(t) =(r(¢), 6(¢)) be the unique integral curve on ¥~ of y with initial
condition B(0) = (xo, vo), Xo € #; vo € T (#"). If vy € R,, then it can (and will later)
be shown that r(¢) € R(x,) and 6(t) € R,, for all ¢ in the domain of B. Since B is an
integral curve of y, it must satisfy B'(t)=x(B(¢)). Therefore r'(z)=20(t), 0'(t)=
—T(r())(6(2), 6(t)) = —T(r(2))(6(2), 6(1)). It follows immediately that

r"(t)+ D(r(0))(r'(2), (1)) = O.

This is the geodesic differential equation for (R(x,), g) in (2.2).
Let Exp denote the exponential map associated with ¥ and exp x the restriction
of Exp to the tangent space T.(#"). The following lemma is well known.

LemMA 11.10. For each point x € W~ there exist open sets V(x) and U(x); V(x) is a
star-like open subset of T (W") with respect to the origin and U(x) is an open neigh-
borhood of x in W, such that exp x is a C'~2 homeomorphism from V(x) onto U(x),
jz3.

Fact 11.11. By taking a smaller neighborhood of x if necessary, we may assume
the following two properties:

2.8)(a) (exp x),, the derivative of exp x at v, is nonsingular from T,(#") into
' Texp x(v)(W) forallve V(x)

(2.9)(b) For each point x in #; U(x)< U, where U is the domain of a chart

) (U, ¢) at x given by RW-3,

PropPosITION I1.12. exp x(V(x) N R,)=U(x) N R(x) for all xe ¥

Proof. By (2.9) we may assume U(x) to be an open set in B. Then the assertion
is equivalent to exp x(V(x) N H)=(x+ H) N U(x). By the Taylor formula r(¢)=
r(0)+1r'(0)+12 [ (1—s)r(ts) ds. Hence if r(0)=x, r'(0)=uv, then

exp x(v) = r(l) = x+v+‘[1 (1 =5)r"(s) ds
(2.10) °
- xtv+ fo (1= )T () (s), r'(s)) ds.
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Proposition I1.8 and condition (iii) of the Definition II.2 imply that

f ' A =s)T@r )T (s), r'(s)) ds € B*.
o

This yields the desired conclusion easily. Q.E.D.

Suppose U(x,) and U(y,) have nonempty intersection and are both contained in
a chart (U, ¢) such that ¢, o ¢~ 1 is of type (2, H,) on ¢(U). We may assume U to
be an-open set in B, therefore U(x,) and U(y,) are open sets in B with nonempty
intersection. V(x,) and ¥(y,) are by construction star-like open sets in B containing
the origin.

Notations. U(xy, yo)=U(xo) N U(yo), W(xe)=exp x5 *(U(xo, ¥o)) and

W(yo) = exp y5 *(U(xo, y0))-

THEOREM I1.13. If yo—x, € H then exp x5 o exp y, is an admissible transforma-
tion from W(y,) onto W(x,).

Proof. Let T=exp x5 oexp yo then T is clearly a homeomorphism of class
C’~2 (j—22z1) from W(y,) onto W(x,). We prove this theorem by a series of
claims.

(i) Tu—u € H for all ue W(y,).

From (2.10)

exp yo(#) = yo+u+ J: (1=5)T(r(s))(r'(s), r'(s)) ds
where r"(t) + T(r(®))(r'(2), r'(t)) =0, r(0)=y, and r'(0)=u. Therefore
2.11) exp yo(u)—u—y, € B*.

On the other hand, there exists w e W(x,) such that exp x(w)=exp yo(x), hence

eXp Xg *(eXp yo(u)) —exp yo(u) =w—exp xo(w) = - (exp xo(w) —w).
By the same reason as (2.11) we have exp xqo(w) —w—x, € B*, it follows that

(2.12) exp x5 (exp yo(u)) —exp yo(1) + x, € B*.
Now
Tu—u = exp x5 X(exp yo(u))—u
= {exp x5 '(exp yo(4)) —exp yo(u) + x} +{exp yo(u) —u—yo} +{yo—Xo}.

By (2.11) and (2.12) the first and the second term are in B*. By the assumption
Yo—Xo € H, therefore Tu—u € H for all ue W(y,).

(ii) T, is nonsingular from B onto itself for all u e W(y,).

This follows from (2.8).

(iii) (exp yo).—1 € #(B, B*) for all uc W(y,).
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We use r(s, u) to denote the integral curve of x with initial condition r(0, u)=y,,
r'(0, u)=u. We know that r is differentiable from J, x V(y,) into U(y,), where J,
is some open interval containing [0, 1]. From (2.10)

exp yo(u) = yo+u+ L ' A =)L (s, w)(r'(s, w), r'(s, u)) ds.

Putting T'(x)(u, v) =2"1€(x) " '®(x; u, v) into the above expression, we obtain that
1

(2.13) exp yo(w) = yo+u+2‘1f (1= 5)E(r(s, w) =1 @(r(s, u); r'(s, u), r'(s, w)) ds.
0

Since ¢ is of type (2, H,) it follows that ((exp y,),—I)(B)< B* by a direct com-
putation and using Proposition I1.9. By Proposition 0.2 (exp y,),—I € #(B, B*).

(iv) T,—1e #(B, B*) for all uc W(y,).

T, =(exp Xo)7. (€Xp Yo)u, 4 € W(y,). Hence

T,—1 = (exp xo)7a(exp yo)u—1
(2.14) = (exp xo)7u{(eXP Yo)u— (€XP Xo)ru}
= (exp Xxo)7a{l(exp yo)u —I1—[(exp Xo)ru—11}.

It follows from the previous step that T, — I € #(B, B*).

(v) The mapping u— T,—1 is continuous from W(y,) (with the B-topology) into
% (B, B*) (with the uniform topology).

By (iii) (exp xo)r.(B*)= B*. Therefore by (2.14) it is sufficient to show that the
mapping u — (exp yo), — I is continuous from W(y,) into #(B, B*).

However this is implied by RW-3. We have shown that T satisfies the assumption
of Proposition 1.3; therefore by its conclusion T is admissible. Q.E.D.

In the general case by (2.9) there exist charts (U, ) and (V, ¢) at x, and y,
respectively such that U> U(x,) and V> U(y,).

Notations. S(xo) =@y, x(W(X0)), S(¥0)=y.vo(W(¥0))-

THEOREM IL14. If $(yo)—@(xo) € H, then ¢, ., °€Xp X5 toexp yoodgl, is
admissible from S(y,) onto S(x,).

Proof. Since ¢ and ¢ are compatible, ¢ o s~ ! is admissible. The proof of this
theorem is the same as that of Theorem II.13 with simple modifications and
changes. We omit the details. Q.E.D.

II1. Study of locally defined measures g,(x, -) on #.

(a) Statement of the second main result Theorem 111.2.

DeriNITION IILL1. (1) For each point x € #” and ¢ > 0 we define a measure gy(x, -)
on the Borel field of U(x) by

(€R)) q(x, E) = pi™(0, exp x~}(E))

where E is a Borel subset of U(x), pi* is the Wiener measure on T,(#") corre-
sponding to the canonical normal distribution on R, with parameter ¢.
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(2) For each point x € #” and ¢>0, and each chart (U, ¢) at x given by RW-3
such that U(x)<= U we define

(32) r{?(x, E) = p{0, px, » exp x"}(E))
where E is a Borel subset of U(x).

THEOREM II1.2. Let x and y be two points in W~ such that U(x) and U(y) have
nonempty intersection. Then g(x, -) and q(y, -), as measures on U(x) N U(p), are
equivalent if and only if t=s and d(x, y) <oo. Otherwise they are mutually singular.
Here d, (defined in the next section) is the almosi-metric on W~ determined by g.

Let ¢ and ¢ be two charts at x and y respectively as in the definition of r{®(x, -)
and r{(y, -).

LemMA II1.3. Suppose U(x) N U(y)is nonempty. Then as measures on U(x) N U(y),
qix, -) and gy, -) are equivalent if and only if r{®X(x, -) and r&(y, -) are equivalent.
The assertion is still true if * equivalent™ is replaced by ‘ mutually singular> .

Proof. By Proposition IL.5(b), p{® is equivalent to p,o ¢« , as measures on
T.(#"). Therefore they are also equivalent as measures on V(x), and hence as
measures on exp x~(U(x) N U(y)). It follows that

pfPoexpx~! and p o gk . oexpx~?

are equivalent as measures on U(x) N U(y). But g(x, -)=p{® ocexp x~! and
r{9(x, -)=p; o px »oexp x~ !, hence g(x, -) and r{®(x, -) are equivalent as measures
on U(x) N U(y). Similarly gy, -) and r&(y, -) are equivalent as measures on
U(x) N U(y). Now this lemma becomes obvious. Q.E.D.

THEOREM 111.4. Suppose x and y are two points in W such that U(x) and U(y)
have nonempty intersection. Then r{®(x, -) and r¥(y, -), as measures on U(x) N U(y)
are equivalent if and only if t=s and Y(y)—(x) € H; otherwise they are mutually
singular.

Proof. Case 1. t=s and (y)—o(x) € H = r{%(x, -) is equivalent to r¥(y, -).
This follows from Theorem I1.14 and Theorem 1.4.

Case 2. t#sand Y(y)—o(x) € H = r{%(x, -) and r{(y, -) are mutually singular.
By Case 1, r{”(x, -) is equivalent to r{)(y, -). On the other hand p, and p, are
mutually singular by Proposition 1 of [10], hence p, o 4% , o exp y~* and

Ps° '7[’*.11 ° expy_l

are mutually singular. Therefore r¥’(y, -) and r¥(y, -) are mutually singular, so
r{(x, -) and r&(y, -) are mutually singular.

Case 3. J(y)—p(x)e BN H® = r{(x, -) and r&¥(y, -) are mutually singular
for any t, s>0.
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Let T=@x coexpx toexpyoisl. Let L, denote the translation by a=¢(y)
—i(x). Define J=L_, o T. Using the same argument as in Theorem II.13 it can
be checked easily that J is admissible from S(y) onto L_,(S(x)), where S(z) are
notations used in §Il(e) z=x, y. Finally we apply Proposition 1 of [10] and our
Theorem 1.4 to finish the proof. Q.E.D.

THEOREM 1I1.5. Suppose x and y are two points in W such that U(x) and U(y)
have nonempty intersection. Then q(x, -) and q(y, -) , as measures on U(x) N U(y),
are equivalent if and only if t=s and J(y)—¢(x) is in H for some charts ¢ and
at x, y respectively, where r{® and r{” can be defined.

Proof. Easy consequence of Lemma II1.3 and Theorem I11.4. Q.E.D.

(b) The almost-metric d, on #. Assume that #~ is connected. Take the com-
ponent of x if necessary, we may assume that the chart (U, ¢) in RW-3 is connected.

DeriNITION II1.6. (1) Let r be a piecewise differentiable curve from [a, b)]<R
into #. We define arclength L,(r) of r with respect to g by

L) = [ (0@ @, oW d.

Here we use the convention g(x)(u, u)=o0 if u € T,(#") N RS.

(2) Define d,: #" x# — [0, 0] by d,(x, y)=inf L,(r), where inf runs over the
(nonempty) family of all piecewise differentiable curves joining x and y.

REMARK. For any two points x and y in #; d,(x, y) may be co. In the later part
of this section we will study d, in more detail and give a necessary and sufficient
condition for d,(x, y) <co.

ExAamPLE. Let U be a convex open subset of B with 7(x)=| || and g(x)=<(, >
for all x € U. We knew before that (U, 7, g) is a Riemann-Wiener manifold. In
this case we have the following:

(33) dy(x,y) = |x—y| ifx—yeH,
(3.9 = o otherwise.

(3.3) is trivial by the convexity of U; (3.4) is a consequence of Example (i) of
Theorem I1.6 and Lemma II1.8 (to appear later).

ProposiTION 111.7. d, is an almost-metric on W~ in the following sense:
dy: W x W — [0, ©]
such that (1) dy(x, y)=0 < x=y, (2) d)(x, y)=dy(y, X) for all x, y € #, (3) di(x, 2)
Sdyx, y)+dy(y, z) for all x, y, ze W

Proof. Obvious. Q.E.D.

Although d, is not a metric on % it is easy to see that, for each point x in #;
d, is a metric on R(x) and defines the original topology of R(x). Here R(x) is
considered as the Riemannian manifold (R(x), g) modelled on H.
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LeMMA I11.8. Let x be a fixed point in #, (U, ) a compatible chart at x given by
RW-3, z € U, then z € R(x) < d,(z, x) < 0.

Proof. “=" follows from the definition of R(x) and its properties. Note that in
this section, U is taken to be connected. Therefore R(x) is also connected.

“«= Suppose d,(z, x) <o, then it is easy to see that there exists a differentiable
curve r lying entirely in U such that r(0)=x, r(1)=z and L,(r) <0. Since

I‘P ° r(t)_‘P(x)l = J: |(‘P ° r)l(s)l ds < gg?;t {II‘Pr(s)"Rr(s),H}Lg(r) < ®©

it follows that ¢ o r(t)—@(x) € H. Hence r(t) € R(x), in particular z=r(1) € R(x).
Q.E.D.

PRrOPOSITION I11.9. For any two points x, y in ¥, d(x, y) <o if and only if there
exist a finite number of points z,,...,z, in W such that z, € R(x), z,., € R(zy),
k=1,...,n—1, y € R(z,).

Proof. Apply the above lemma. Q.E.D.

(c) Proof of Theorem I11.2. From Theorem IILS, it is sufficient to prove that
dy(x, y)<oo if and only if there exist charts (U, @), (V, ¢) at x, y respectively such
that U> U(x), V> U(y) and $(y)—e(x) € H.

Sufficiency. By Remark (ii) of Theorem II.6, there exists a point ze UN V' N R(x).

(3.5) z€ R(x) = dy(z, x) < 0 = p(z)—p(x) € H.

Now $(y) —#(2) =((y) — (%)) + (¢(x) — 9(2)) + (p(2) — ¥(2)). The first term is in H
by the assumption, the second term is in H by (3.5), while the third term is in H

because @(z)—¢P(z)=¢ 1(P(z))—y(z) e H since e~ is admissible. Therefore
Y(y)—(z) € H, whence z € R(y) and it follows that d,(y, z) < co. Finally

dy(x,y) S dy(x, 2)+dy(z, y) < o0.

Necessity. The existence of (U, ¢) and (¥, ) comes from (2.9). By Proposition
IIL.9, there exists a finite number of points z,, z,,..., z, such that z; € R(x),
Ze+1 € R(zp), k=1,2,...,n—1, and z, € R(y). Let 6, be a compatible chart at z,,
k=1,2,...,n, then ¢(z,)—¢p(x) e H and 0,(z;)—0,(z,) € H since z, € R(x) and
2, € R(z,). Therefore

01(22) = 9(x) = (81(22) — 01(21)) + (01(21) — 9(21)) + ((21) — ¢())

and 0,(z;) —¢(x) € H by the same argument used in the Sufficiency part.
Similarly 0,(z3)—¢(x) € H, ..., 0,_.(z,)—(x) € H, 0,(y)—¢(x) € H. Moreover,
Y(y)—0.(y) € H since ¢ o 67! is admissible. Hence

Y =e(x) = GO =0+ O(y)—(x) e H. QE.D.
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